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Abstract 

This paper is devoted to the study of travelling fronts of reaction-diffusion equations 
with periodic advection in the whole plane M^. We are interested in curved fronts 
satisfying some "conical" conditions at infinity. We prove that there is a minimal 
speed c* such that curved fronts with speed c exist if and only if c > c*. Moreover, 
we show that such curved fronts are decreasing in the direction of propagation, that 
is they are increasing in time. We also give some results about the asymptotic be- 
haviors of the speed with respect to the advection, diffusion and reaction coefficients. 

Keywords: curved fronts, reaction-advection-diffusion equation, minimal speed, mono- 
tonicity of curved fronts. 

AMS Subject Classification: 35B40, 35B50, 35J60. 

1 Introduction and main results 

In this paper, we consider the following reaction-advection-diffusion equation 

— = Au + q{x)— + /(u), for all t G M, (x, y) G M^ (l.i; 
ot oy 
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where the advection coefficient q{x) belongs to C°''^(]R) for some 6 > 0, and satisfies 



Va;e]R, q{x + L)=q{x) and f q{x) dx = (1.2) 

Jo 

for some L > 0. The second condition for g is a normalization condition. The nonlinearity/ 
is assumed to satisfy the following conditions 

/ is defined on M, Lipschitz continuous, and / = in R \ (0, 1), 
/ is a concave function of class C^'^ in [0,1], (1.3) 
/'(O) > 0, /'(I) < 0, and f{s) > for all s E (0, 1), 

where / is assumed to be right and left differentiable at and 1, respectively (/'(O) and /'(I) 
then stand for the right and left derivatives at and 1). A typical example of such a func- 
tion / is the quadratic nonlinearity f{u) = u{l — u) which was initially considered by 
Fisher [13] and Kolmogorov, Petrovsky and Piskunov [25]. The equation (11. 1|) arises in 
various combustion and biological models, such as population dynamics and gene develop- 
ments where u stands for the relative concentration of some substance (see Aronson and 
Weinberger [T], Fife [12] and Murray [2^1 for details). In combustion, equation (11.11) arises 
in models of flames in a periodic shear flow, like in simplified Bunsen flames models with 
a perforated burner, and u stands for the normalized temperature. 

We are interested in the travelling front solutions of (11.11) which have the form 

uit,x,y) = (l){x,y + ct) 

for all {t,x,y) G R x R^, and for some positive constant c which denotes the speed of 
propagation in the vertical direction —y. Thus, we are led to the following elliptic equation 

A0 + (g(x) - c)dy(p + /(0) = for all (x, y) E M^ (1.4) 

where the notation dyCp means the partial derivative of the function with respect to the 
variable y. 

We assume that the solutions of the equation (11. 4p are normalized so that < < 1. 
We look in this paper for solutions of (II. 4p which satisfy the following "conical" conditions 
at infinity 



lim ^ sup 0(x,?/)j =0, 
lim ( inf 0(x, y)) =1, 

where a and (3 are given in (0, n) such that a + /3 < vr and the lower and upper cones ^ 
and a I are defined as follows: 
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Definition 1.1 For each real number I, the lower cone C^^^ is defined by 

C~p ; = { (x, y) G M^, y < X cot a + / whenever a; < 

and y<—x cot 13 + I whenever x > O} 

and then the upper cone a ^ is defined by 



see Figure [I] for a geometrical description. 

Because of the strong elliptic maximum principle, a solution (f) of the equation fll.4p 
that is defined in the whole plane and satisfies < < 1, is either identically equal to 
or 1, or < (f){x,y) < 1 for all {x,y) G M^. By the "conical" conditions at infinity fll.Sp . 
only the case of < y) < 1 for all (x, y) G will then be considered in the present 
paper. 

In order to motivate our study, let us first recall a very simple case of travelling fronts 
for the reaction-diffusion (with no advection) equation 

^-Au = f{u) (1.6) 

in the whole plane M^. It is well known from [25] that for any c > 2^ /'(O), the above 
equation has a planar travelling front moving in an arbitrarily given unit direction — e. 
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having the form u{t,x) = (j){x • e + ct) and satisfying the conditions 0(— oo) = and 
</)(+oo) = 1. Recently, the problems about curved travelling fronts of the reaction-diffusion 
(with no advection) equation (11 .Op equipped with the conical conditions at infinity of 
type (ll.Sp with a = [5 have been the subject of intensive study by many authors, for 
various types of nonlinearities. For example. Bonnet and Hamel [7] considered such type 
of problems with a "combustion" nonlinearity /, namely, 

3 ^ G (0, 1), / = on [0, 6] and /'(I) < 0, 

which comes from the model of premixed bunsen flames. They proved the existence of 
curved travelling fronts and gave an explicit formula that relates the speed of propagation 
and the angle of the tip of the flame. One can also find some generalizations of the above 
results and further qualitative properties in [151 [16]. For the case of bistable nonlinearity / 
satisfying 

3^ G (0, 1), /(o) = f{e) = /(I) = 0, /'(o) < 0, f (1) < 0, r{e) > o, 

/ < on (0, 9) U (1, +oo), / > on (-oo, 0) U {9, 1), 

Hamel, Monneau and Roquejoffre pTl [T8] and Ninomiya and Taniguchi [291 [30] proved 
existence and uniqueness results and qualitative properties of such kind of conical fronts 
(see also [311 [231 [M] for further stability results and the study of pyramidal fronts). For 
KPP nonlinearities, conical and more general curved fronts are also known to exist for 
equation (ll.6p (see [20]). 

In addition to the above mentioned literature, some works have been devoted to the 
study of the reaction-advection-diffusion equations of the type (II. ip . A well-known pa- 
per about this issue is the one by Berestycki and Nirenberg [6], where the authors set 
the reaction-advection-diffusion equation in a straight infinite cylinder and consider the 
travelling fronts of the reaction-advection-diffusion equation satisfying Neumann no-fiux 
conditions on the boundary of the cylinder and approaching and 1 at both infinite sides 
of the cylinder respectively. Later, Berestycki and Hamel [2] and Weinberger [35] inves- 
tigated reaction-diffusion equations with periodic advection in a very general framework, 
and proved the existence of pulsating travelling fronts (some of their results will be recalled 
below) . 

However, as far as we know, except recent works of Haragus and Scheel [2^ [23] on 
some equations of the type (II. 4p with a and /3 close to 7r/2, the reaction-advection-diffusion 
equation of type (II. ip and its corresponding elliptic equation (ll.4p equipped with conical 
conditions (ll.5p have not been studied yet for general angles a and /3 and for general 
periodic shear flow. The purpose of this paper is to prove the existence, nonexistence and 
monotonicity results for the solutions of the semilinear elliptic equation (ll.4p with the non- 
standard conical conditions at infinity (II. 5p . In fact, the main difficulties in the present 
paper arise from these conical conditions at infinity and from the fact that the domain is 
not compact in the direction orthogonal to the direction of propagation. 

Before stating our main results of this paper, we first give the following notations. 
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Notation 1.1 Let 7 G (0,7r/2), q = q{X) and / = f{u) be two functions satisfying ( II. 2p 

i<i,j<2 be a positive definite symmetric matrix, that 



(m. 



and (11. 3p respectively. Let M 
is 

3ci > 0, G 
where l^p = ^2+^2 f^^, ^ ^ (^^_^^ 



1<«J<2 

^ Throughout this paper, c]^ 



gsin7,/ 



:i.7) 



> denotes 



the minimal speed of propagation of travelhng fronts < u < 1 in the direction —Y in the 
variables (X, Y) for the following reaction-advection-diffusion problem 



du 
'dt 

u{t+T,X + L,Y) 
u{t,X,Y) 



= div(MVM) + g(X)sin7— + /(m), t G M, (X, F) G M^ 

= u{t+T,X,Y) =u{t,X,Y + cT), (t,r,X,r)G M^xM^ 
_^ 0, u{t,X,Y) 1, 



:i.^ 



where the above limits hold locally in t and uniformly in X. In other words, such fronts 



exist if and only if c > c 



Af,qsin7,/' 



The existence of this miminal speed c 



M,q sin 7,/ 



and further 



qualitative properties of such fronts, for even more general periodic equations, follow from 
[21 [3 EB |35] (see also [6] for problems set in infinite cylinders). 

Our first main result in this paper is the following 

Theorem 1.1 Let q{x) he a globally C^'^iW) function {for some 5 > 0) satisfying (1 1.^ . 
Let f he a nonlinearity fulfilling (1 1.3^ . Then, for any given a and (3 in (0, tt) such that 
a + (5 < TT , there exists a positive real number c* such that 

i) for each c > c* , the problem l \1.4\j - {\l-5\) admits a solution {c,(j)); 

a) if c < c* , the problem l \1.4\) - (\l-5h has no solution {c,(j)). 
Moreover, under the Notation the value of c* is given by 



max 



^A,qsina,f ^B,q sin 



sm a 



sin /3 



where 



A 



1 — cos a 
cos a 1 



and B 



1 cos /3 
cos (3 1 



;i.9) 



:i.io) 



Our second main result is concerned with the monotonicity of the fronts in the direction 
of propagation. 



Theorem 1.2 Under the assumptions of Theorem if a pair {c,(j)) solves the pro- 
blem l \1.4\) - {\l-5\i . then dy(j){x,y) > for all {x,y) G M^. Consequently, the travelling front 
solution u(t, X, y) = 0(x, y + at) of is increasing in time t. 

Remark 1.1 For the case ofa = /3 = 7r/2, the above results have been proved in [21 [^[53], 
in which case c* = c| ^ ^ is the minimal speed of travelling fronts for problem (II. 8p with 
identity matrix M = I. The interest of the present work is to generalize them to the case 
of conical asymptotic conditions (11.51) with angles a and /3 which may be smaller or larger 
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than 7r/2. The condition a + f3 < n which is used in the construction of the fronts can be 
viewed as a global concavity of the level sets of the fronts with respect to the variable y. 
It is unclear that this condition is necessary in general. Actually, it follows from Section 4 
that Theorem 11.21 still holds for any a and /3 in (0, it). 

The value of c* in Theorem 11.11 is given in terms of the known minimal speeds of 
propagation of "planar" pulsating travelling fronts for two auxiliary (left and right) prob- 
lems of type (11. 8p . Throughout the paper, we use the word "planar" to mean that, for 
problem (II. 8p . any level set of u is trapped between two parallel planes. A rigorous re- 
sult about the existence of the minimal speed of propagation of pulsating travelling fronts 
in general periodic domains was given in [2]. Several variational formula for the mini- 
mal speed of propagation have been given by Berestycki, Hamel and Nadirashvili [3], El 
Smaily [5] and Weinberger [53]. Much work has been devoted to the study of the depen- 
dence of the "planar" minimal speed on the advection, diffusion, reaction and the geometry 
of the domain (see e.g. [allllEllIOlIiniEllEZlEHlEaEe]). 

In the following theorem, we study the behaviors of the conical minimal speed c* of 
Theorem 11.11 in some asymptotic regimes and we obtain a result about the homogenized 
speed. To make the presentation simpler, we introduce a general notation for the conical 
minimal speed: given an advection q and a reaction / satisfying (II. 2p and (II. 3p respectively, 
and given an arbitrary p > 0, we consider the problem 



with the conical conditions (ll.Sp and we denote by c*(p, g, /) the conical minimal speed 
of problem (ll.lip - (ll.5p . whose existence follows from Theorem 11.11 In other words, a 
solution (c, (p) of (II. lip satisfying (II. 5p exists if and only if c > c*(p, q, /). Furthermore, it 
follows from Theorem 11.11 that the "conical" minimal speed can be expressed in terms of 
the "left and right" planar minimal speeds as follows 



In the above notation of conical minimal speed, we use the brackets (i.e. c*(-, ■, ■)) while 
subscripts are used in the notation of the "planar" minimal speed. 

Theorem 1.3 Let a and /3 be in (0, tt) such that a + f3 < n . Assume that the function f 
fulfills (I i . gp and that the advection q is a globally C°''^(M) function {for some 6 > 0) 
satisfying (I i.^p . 

i) Large diffusion or small reaction with a not too large/sufficiently small advection. 

For each p > 0, we have 



pA(f) + (g(x) - c)dy^ + /(0) = for all (x, y) G M' 



2 



(1.11) 




(1.12) 



V7 > 1/2, lim 



c*(p, m'^q, mf) 
\fra 



(1.13) 



m— >-0+ 



min(sin a, sin /3) ' 



and 



V0<7<l/2, lim 



c*{mp, rn'q, f) 



(1.14) 



min(sin a, sin /3) 
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ii) Large advection. For each p > 0, the following limit holds 



q w"^ 



lim ':k2J^= n,ax ■ (1.15) 

' " weHl^^{W:)\{0}, L-periodic, f ^ 

^" "1-2(0, !,)-•' ^ "l^{0,L) 



m— >+oo 



W 



Moreover, 



lim( lim ^l^l!^^ = lin, ( lim /) >< 



X max 



q w 



:i.i6) 



pL w£Hl^{R)\{0}, L-periodic || || L2(0,L) 



and 



lim ^ ^ — I = lim I lim ^ ^ I = max q. (1-17) 

m^-+oo m J ^i^+oo y-m^+oo m J [0,L] 

Hi) Homogenized speed. Assume here that q is l-periodic and its average is zero. For 
each L > 0, let q^{x) = q{x/L) for all x eM. Then, for each p > 0, 

hm c p, gL, / = — — — -. 1.18 

L-5-0+ mm(sm a, sm p) 

Outline of the rest of the paper. This paper is organized as follows. In Section [21 we 
prove the existence of a curved traveling front to the problem fll.4p - fll.5p whenever the speed 
c > c* (the first part of Theorem II. ip . In Section [3|, using some results about spreading 
phenomena, we prove that the problem fll.4p - fll.5l) has no solution (c, 0) as soon as c < c* 
(the second part of Theorem II. ip . In Section HJ we first establish a generalized comparison 
principle for some elliptic equations in unbounded domains having the form of "upper 
cones" . Then, we give the proof of Theorem 11.21 by using this generalized comparison 
principle together with suitable estimates of the quantity dy(j)/(f) in lower cones and with 
some sliding techniques on the solutions in the j/- variable. Lastly, SectiorE] is concerned 
with the proof of Theorem 11.31 



2 Existence of a curved front (c, 0) for all c > c* 

In this section, we prove the existence of a curved front (c, 0) to the problem fll.4p - fll.5p 
whenever c > c* (the first item of Theorem ll.ip . The main tool is the sub/super-solution 
method. Roughly speaking, we construct a subsolution and a supersolution for our pro- 
blem by mixing, in different ways, two pulsating travelling fronts coming from opposite 
sides (left and right) and having different angles with respect to the vertical axis but hav- 
ing the same vertical speed in some sense. 
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Proof of part i) of Theorem 11.11 We perform this proof in two steps. 



Step 1: Construction of a suhsolution. For any given 7 G (0, tt), any smooth function q sa- 
tisfying (11. 2p . any nonhnearity / fulfihing (II. 3p and any constant matrix M = (^ij)i<ij<2 
satisfying (II. 7p . we consider the problem (II. 8p . It follows, from Theorem 1.14 in [2] that 
there exists a minimal speed c^^gsin7,/ such that the problem (II. 8p admits a pulsating 
travelling front (c, m) for each c > c^^,gsin7,/ ^ud no solution for c < c^,qsin7,/- Moreover, 
it is known that any such front u is increasing in t. For any solution (c, u) of the pro- 
blem (II. 8p . if we denote u(t, X, Y) = f{X, Y + ct), then the pair (c, ip) solves the following 
problem 



{</.(X + L,F)=y.(X,y), (X,F)G 



div(MV(/?) + (g(X) sin 7 - c)5r^ + /(^) = 0, (X, Y) e M^, 
(p{X,Y) — y 0, (fiX,Y) — y 1, uniformly in X e M, (2.11 



p2 



Since m is increasing in t, we conclude that (f is increasing in its second variable, namely Y. 

For any given < a, /3 < tt such that a + (3 < tt, we define the matrices A and 5 
as in (ll.lOp . By choosing M = A and 7 = a in (12. ip . then there exists a positive 
constant c^^gsinaj such that the problem (12. ip admits a solution (cq,^?^) if and only if 
Ca > (^Xqsinaj- Similarly, if we choose M = B and 7 = /3 in (12. ip . then there exists a 
positive constant C^^^qsmpj such that the problem (12. ip admits a solution {cp.ipp) if and 
only if cp > c*^^gsmi3j- Consequently, for a given c > c*, where c* is defined by (II. 9p . there 
exist {ca,(pa) and (c^?,*/?/?) as above and such that 

- '''' >c*. (2.2) 



sin a sin /3 

Now, we give a candidate for a subsolution of the problem (ll.4p -( !L5|) as follows 

y) = max {(pa{x, —X cos a + ysina), (Pi3{x, x cos/3 + y sin /?)) . (2.3) 

In fact, by (12.11) . it is easy to verify that (c, 0) defined by (12. 2 p and (12.31) is a subsolution 
of the equation (II. 4p . Indeed, both functions in the max solve (11.41) . For instance, if we 
set (j)i{x, y) = (pa{x, —a; cos a + ysina), then 

A01 + (g(x) - c)9j^0i + /(0i) = div(AVv?a) + (g(a;) - c) sinaSyv^a + /(v^a) = 

in M^, where the quantities involving ip^ are taken values at the point (x, — x cos a + y sin a). 
Moreover, by construction and since a + /3 < vr, we know that (p satisfies the "conical" 
conditions at infinity (II. 5p . 

Step 2: Construction of a supers olution. As we have done in the first step, for any c > c*, 
we consider the same front (cq,, ^pa) as in step 1, which solves the problem (12. ip for M = A 
and 7 = a, and the same front (c/3, ipp) as in step 1, which solves the problem (12. ip for 
M = B and 7 = /3 such that (12. 2p holds. We claim that the following function 

0(x, y) = min (v5q(x, —x cos a + ysina) + (pjsi^x, x cos /3 + ysin (3), 1) (2.4) 
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is a supersolution of the equation fll.4p . Obviously, we only need to check the case of 
i^a^x, —X COS a + ?/ sin a) + (/^/^(x, x cos /3 + y sin/3) < 1. 

We first notice that a function / = /(s) that satisfies the conditions (11 .Sp is sub- 
additive in the interval [0, 1]. That is 

/(s + t) < /(s) + for all 0<s,t<l. 

When < 1, then by (12.11) . we have, 

A0 + {q{x) - c)dy(t) + fi(j)) = fi^Pa + ^p) + div(AVv3a) + {q{x) - c) sin a dy^a 

+dw{BV(pi3) + {q{x) - c) sin /3dY(P(3 

< 0, 

where the quantities involving cpa (resp. ipjs) are taken values at the point {x, —xcosa + 
ysina) (resp. {x,xcos(3 + ysm(3)). Thus, (c, (^) is a supersolution of the equation (II. 4p . 
Furthermore, the function (f) satisfies the conical conditions (ll.Sp at infinity since a + < tt. 

Finally, since < < < 1 in M^, we conclude that, for any c > c*, the problem 
(ll.4p - (ll.5p admits a curved front (c, 0) such that < < 0. The proof of part i) of 
Theorem 11.11 is then complete. □ 

Notice that it follows from the above construction that is close to the oblique "pla- 
nar" fronts (pa{x, —X cos a + y sin a) and 9?^(a;, x cos f3 + y sin (3) asymptotically on the "left" 
and "right" . More precisely, 

lim ( sup \(f){x,y) — (pi3{x,x cos P + y sin l3)\] = 

A^-OD \y<x cot a+A ' 



and 



lim ( sup |0(x,?/) — (y9a(x, —xcosa + ysina)! )= 0. 



Remark 2.1 To complete this section, consider here the special "symmetric" case. Namely, 
under the notations of Theorem II. H assume a = /3 and q[x) = q{—x) for all x G M. Then 
we claim that 

^* _ '^A,qsmaJ _ %,gsin/3,/ 

sin a sin (3 

Indeed, let (c^^^sina,/' V'al^' ^)) be a solution of the following problem 

rdiv(AVv.;(X,F)) + (g(X)sina-cX,,i„,,^)c^^;(X,r) + /((p;(X,F)) = 0inM2, 
]ipl{X,Y) — > 0, ^UX,Y) — > 1, uniformly in X e M. 

y— ;•— oo y— i>+oo 

Define tpiX, Y) := (/^^(-X, Y) for all (X, Y) G M^. Since a = /3 and g(X) = g(-X) for all 
X G M, then the pair {c*^^gsmaj^'^) a solution of the following problem 

(div{BVi^{X,Y)) + {q{X)sina-cX,,,^^j)dY^P{X,Y) + f{^P{X,Y)) =0 in R', 

I tpiX, Y) — > 0, tp{X, Y) — > 1, uniformly in X G M. ^'^'^^ 

^ y— i>— oo y— >-+oo 



It follows from [2] that c^gsina/ smaller than the minimal speed of propaga- 

tion corresponding to the reaction-advection-diffusion equation having B as the diffu- 
sion matrix, q sin a = q sin /3 as the advection and / as the reaction term. That is, 
4,g(x)sina,/ > sm/3,/- Similarly, we can prove c*s^g,inf^j > c^,, which leads to 

the equality between these two minimal speeds. 



3 Nonexistence of conical fronts (c, 0) for c < c* 

In this section, we prove that the problem fll.4p - fll.5l) has no solution (c, 0) if c < c* (the 
second item of Theorem II. ip . The proof mainly lies on a spreading result given by Wein- 
berger 



Proof of part ii) in Theorem 11.11 Suppose to the contrary that the problem fll.4l) - fll.5p 
admits a solution with a speed c < c*, where c* is the value defined in (11.91) . Without 
loss of generality, we can assume that 

r* r* 

sin a ~ sin /3 

Under this assumption, there exists a positive constant d such that 

csina < < c;4g3i^„j. (3.1) 

Write 0(a;, y) = ip{x, —x cos a -|- y sin a) for all (x, y) G M^. Then, the function ip{X, Y) 
is well defined and it solves the following equation 

div(AV(p) + (g(X) - c) sin ady^ + fiv) = 0, for all {X, Y) e M^ (3.2) 

where A is the matrix defined in the second section. Moreover, it follows from the definition 
of (p and the "conical" conditions at infinity (II. 5p that 

lim ( sup ^iX,Y)) = 0. (3.3) 



y— >— oo 



{X,y)GK2,X<0 



We mention that taking the supremum in the above limit over the set {X < 0} is just 
to insure that {X,Y) stays in C~^; for some / which goes to — oo as Y ^ —oo and as a 
consequence we can use the conical conditions. If we let u{t,X,Y) = ip{X,Y + ctsina), 
then by (13. 2p . the function u solves the following parabolic equation 

— = div(AVM) + g(X) sin «— + /(«), for all (t, X, F) e M x Ml (3.4) 

Let uq{X^Y) be a function of class C°''^(M^) (for some positive /i) such that 

VXgM, VF<0, Uo{XX)=^, 

3Fo>0, inf no(X,F)>0, (35) 

V (X, Y) G M^ < uq{X, Y) < n(0, X, Y). 
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Let ti(t, X, y) be a classical solution of the following Cauchy problem 

— = div(AVn) + q{X) sin a— + f{u), for all t > 0, (X, Y) G M^ 
m(0, X, Y) = uo{X, Y), for all (X, Y) G M^. 

Under the conditions fl3.5p on uq and the assumptions fll.3p on the nonlinearity /, the 
results of Weinberger [35] imply that for any given r > 0, we have 

lim sup u{t, X,Y — c't) = 0, for each c' > gsina / 

and 

lim inf u{t, X,Y - c't) = 1, for each c' < f. (3.6) 

On the other hand, since < u{0,X,Y) < u{0,X,Y) in and both u and u solve 
the same parabolic equation (13 ■4p . the parabolic maximum principle implies that 

u{t, X, Y) < u{t, X, Y) for alH > and (X, Y) G Ml (3.7) 

The assumption that (csina — d) < implies that Y + (csina — d)t — )■ — oo as t — )■ +oo 
for |y| < r. We conclude from (13. ip . (13. 3p and (13. 7p that for any r > 0, all limits below 
exist and 

0< lim inf u(t,X,Y - dt) < lim inf u(t,X,Y-dt) 

t-^+oo\Y\<r,Xm t->+OD \Y\<r,X<0 

< lim inf u(t,X,Y-dt) 

t^+oo |y|<r,X<0 

= lim inf ijD(X,Y + (csma — d)t) 

t^+oo \Y\<r,X<0 

< lim sup (f {X,Y + {c sin a — d)t) 

t->+oo \Y\<r,X<0 

= 0, 

which contradicts (13. 6p with c' = d and eventually completes the proof. □ 



4 Monotonicity with respect to y 

This section is devoted to the proof of Theorem II. 2[ To furnish this goal, we need to 
establish a generalized comparison principle in unbounded domains of the form C^^^. 
Then, together with further estimates on the behavior of any solution (p of the problem 
(ll.4p - (ll.5p in the lower cone C~^; and with some "sliding techniques" which are similar to 
those done by Berestycki and Nirenberg [5], we prove that the solution is increasing in y. 

Let us first state the following proposition which is an important step to prove the 
main result in this section. 
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Proposition 4.1 Let a and f3 belong to (0,7r). If{c,(j)) is a solution of l \1.4^ - {\1.5\) . then 

A:=liminfr inf 0. 



Proof. Similar to the discussion in [2], we get from standard Schauder interior estimates 
and Harnack inequalities that there exists a constant K such that 

V(x,2/)GM^ \dy(t){x,y)\<K(t){x,y)^Yid \d^(t){x,y)\ < K(t){x,y). (4.1) 

Consequently, the function dy(p/(f) is globally bounded in M?. Denote by 

A:=liminf inf 

and let {/n}n,eN and {{xn,yn)}nm be two sequences such that {xn,yn) £ ^api„ 
n E N, In ^ — oo as n — !■ +oo, and 

dy(j){Xn,yn) . 

—77 r )■ A as n — +00. 

Next, we will proceed in several steps to prove that A > 0. 

Step 1: From (1-4) to a linear elliptic equation. For each n G M, let 

r{x,y) = ^^^±f^^^y^ for all (x,y)GMl 

Owing to the equation fll.4p satisfied by 0, we know that each function satisfies 
the following equation 

(x, y) + (g(x + x„) - c)9,0"(x, y) + /M^±f!^l^±M0n(^, ^) = q 

0(x + Xn,y + yn) 

for all (x, I/) G M^. Moreover, for any given (x, G M^, it follows from fll.Sp that the 
sequence 0(x + + y^) — >■ as n — >■ +00 (since {xn,yn) ^ /s i„ ^^^'^ n G N and 
/„ — )■ — cxD as n — )■ +00). Noticing that /(O) = 0, then we have 

f{(f){x + Xn,y + yn)) _^ 
(f){x + Xn,y + yn) 

as n — 7- +00. Since the function q is L— periodic, we can construct a sequence {xn}nm 
such that Xn £ [0, L] for all n G N and 

Wn G N, Vx G M, gri(a;) := q{x + x„) = g(x + x„). 

Consequently, there exists a point Xoo G [0, L] such that x^ — Xoo as n ^ +C)0 (up to 
extraction of some subsequence), and the functions g„(x) converge uniformly to g(x + Xoo)- 
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Observe also that the functions 0" are locally bounded in M^, from the estimates fl4.1l) . 
From the standard elliptic estimates, the functions converge in all Wi^^{R^) weak (for 
1 < p < oo), up to extraction of another subsequence, to a nonnegative function which 
satisfies the following linear elliptic equation 

A0°° + {q{x + Xoo) - c)dy(f)'^ + /'(O)0°° = in Ml (4.2) 

Furthermore, by the definition of 0", we have 0°°(O,O) = 1. Then, the strong maximum 
principle yields that the function (f)°° is positive everywhere in M^. 

Step 2: The form of For any given {x,y) G M^, we have 

dy<p x, y) = — ^ = ' — - X X, y) 4.3 

(j){Xn, yn) (P{X + Xn,y + yn) 

for all n G N. Referring to the definition of A, one can then conclude that for any given 
(x,|/) gM^ 

liminf^f^ + ^-^ + ^:^>A. 

n->+oo (j)[x + Xn,y + yn) 

Passing to the limit as n — +oo in 04.31) leads to 

(9y0°°(x, y) > A0°°(x, y), for all (x, y) G Ml (4.4) 

Furthermore, 

a0°°(O,O)= lim a0"(O,O)= lim ^^^^^^ = A = A 0°°(O, 0). (4.5) 



Set 



z^{x,y) = ^y^°°}^^y^ for all {x,y) G Ml 



The function z°°{x,y) is then a classical solution of the equation 

Az°° + w ■ = in M^ (4.6) 

where 

w = w{x, y) = 2^—, 2^— + q{x + x^o) - 



is a globally bounded vector field defined in M^ (see fl4.ll) ). It follows from fl4.4p and f l4.5p 
that 

z°^{0, 0) = A and 2°°(x, y) > A for all (x, y) G Ml 

Obviously, the constant function A also solves (14. 6p . Then, it follows from the strong 
maximum principle that z°°{x, y) = A for all [x, y) G M^, and thus, 

V(x,?/) G M^ 0°°(x,y) = e^y%l){x) > 
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for some positive function ip^x) defined in M. Owing to (14.21) . the function iIj{x) is then a 
classical solution of the following ordinary differential equation 

^"{x) + (A^ + A q{x + Xoo) - cA + /'(O)) ij{x) = for all x eR. (4.7) 

Step 3: From ( |/^. 7[ ) to an eigenvalue problem. Let 

/i = mf — - — , 

xeR il)[x) 

where L is the period of q (see (11.21) ). From (14.11) . the function ip satisfies |'?/''(a;)| < \K%l){x)\ 
for all X G M and /i is then a real number. Let {x'^}nm be a sequence in M such that 

^« + L) 

)■ jjL as n ^ +00. 

Define a sequence of functions {■?/'" (x)}„gN by 

^-(a;) = + for all a; G M. 

V'K) 

Then, for each n G N, the function ^/''^(a;) satisfies 

(V'")"(x) + (A^ + A g(x + + Xoo) - cA + /'(O)) ^ (a^) = 

for all a; G M. 

Similar to the discussion in Step 1 and also due to the L— periodicity of g, it easily 
follows that, up to extraction of a subsequence, ^Z'" — )■ if)'^ in Cf^J^) and 

+ ^n. + ^oo) q{- + a^Jx)) as n — )■ +oo, uniformly on each compact of M, 

for some x'^ G M. Furthermore, the function is a nonnegative classical solution of the 
following equation 

(7/;°°)"+ (A^ + Ag(x + x^) -cA + /'(0))^~ = in M. (4.8) 

Since ip'^{0) = 1 for all n G N, we have ip°°{0) = 1. Then, the strong maximum principle 
yields that ip°°{x) > for all x G M. 
Now, we consider a new function 

_ jj^jx + L) 
V^-(x) ' 

which is defined in M. By the definition of fi and ■?/;", we have 
tp"-{x + L) ^{x + x'^ + L) 



ip'^{x) ip{x + x'„) 



> /i, for all n G N and x G 
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Passing to the limit as n — >■ +00, one gets h{x) > fi for all x G M. Moreover, 

4!^{L) = lim = lim "^^^^ = fi. 

Denote by 

v{x) = ^|J°°{x + L) - i2^p^{x) for all x eR. 

Then, the function v is nonnegative and satisfies the linear elliptic equation (14. 8 p with 
the property v{0) = 0. Thus, the strong maximum principle yieldsthat f = in M, and 
consequently, h{x) = /i > in M (since iIj°°{x) > for all x G M). 

Define 9 = In /i. If we write ?/'°°(x) = e^^ip{x) for all x G M, then it follows from 

?/^°°(x + L) = iiilj°°{x) that 

Vx G M, Lp{x + L) = Lp{x). 

After replacing by e^^ip in (14.81) . we conclude that the function is a classical solution 
of the following problem 

Lp" + 2V + + (A' - cA + q{x + x;„)A + /'(O)) = in R, 

is L-periodic, (4.9) 
Vx G M, if{x) > 0. 

For each A G M, we define an elliptic operator as follows 

Le,x := ^ + + [9' + - cX + g(x + x'^)A + /' (0)] 
acting on the set 

E := {^(x) G C2(R); ^(x + L) = ^(x) for all x G M}. 

We denote by /^^(A) and (/^^''^ the principal eigenvalue and the corresponding principal 
eigenfunction of this operator. In addition to the existence, we also have the uniqueness 
(up to a multiplication by any nonzero constant) of the principal eigenfunction (p^'^ which 
keeps sign over M and solves the following problem 




= ke{X)ip'''^ in 
is L— periodic. 



A . . . . (4-10) 



From (14. 9 p and the above discussions, we conclude that, for A = A, ^^(A) = is 
the principal eigenvalue and the function ip is the corresponding eigenfunction. In other 
words, A is a solution of the equation kg{X) = 0. 

Now, we consider the function M 9 A t— t- kg{X). It follows from Proposition 5.7 in [2] 
that A I— kg{X) is of convex. Moreover, for A = 0, the principal eigenfunction p^'^ is a 
constant function, say (^^'° = 1 (due to the uniqueness up to multiplication by a constant), 
and the principal eigenvalue is 

^e(0)=^' + /'(0)>0. 
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d kg 

Thus, in order to obtain that A > 0, it suffices to prove that -77- (0) < (see figure [2]). 

uA 

Since v?^''^ is L— periodic for each A G M, we then integrate the equation fl4.10p with 
respect to x over [0, L] to obtain 

ke{X) r^''\x)dx= {9^ + f'{0)) r ^'^\x)dx + r ^''\x)dx 

Jo ^ V ^Jo Jo 

ke{0) (4.11) 

-cX / (p'^'^{x)dx + X / q{x + x'^)(p^'^{x)dx 
Jo Jo 

for all A G M. Owing to standard elliptic estimates, the family {(/9^''^}AeR, when normalized 
by maxip^'^ = 1, converges in C'^^^{M.) to the constant function (f^'^ = 1 as A converges 

to 0. Passing to the limit as A —t- in fl4.1ip . one consequently gets 

lim ^^'^^ — = — c + — [ q{x + x'^) dx. 
x-^o A L Jq 

However, by the assumptions (11.21) on q, we know that 



I q{x + x'^) dx = q{x) dx = 0. 
Jo Jo 



Therefore, 



But, from part ii) of Theorem II. H the speed c satisfies 

c>c* = maxf^i^^,^^^^^^ >0. 

\ sin a sinp / 

dkg 

Thus, -77- (0) < and that completes the proof of Proposition 14. 1[ □ 
d\ 
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In the following, we are going to establish a generalized comparison principle which 
will be an important tool in the proof of Theorem 11.21 Before stating this result, let us first 
introduce some notations and assumptions that we need in our setting. For each / G M, 
a,(3 E (0,7r), we consider A{x,y) = {Aij{x,y))i<ij<]\f as a symmetric C'^'^{C^pi) matrix 
field satisfying 



l<ij<2 



Moreover, 



dC'^p i := y) G M^, y = — x cot /3 + / when x > 0, 

and y = X cot a + I when x < 1 
denotes the boundary of the subset ^ which was introduced in Definition II. 1[ and 

dist {ix,yy,dC+p i) 

stands for the Euclidean distance from {x,y) G to the boundary dC^^i. 

The generalized comparison principle is now stated in the following lemma. 

Lemma 4.1 Let a and /3 he fixed in (0, tt) and I G M. Let g{x, y, u) he a glohally hounded 
and a glohally Lip schitz- continuous function defined in ^ x M. Assume that g is non- 
increasing with respect to u inM.'^x [1 — p, +oo) for some p > 0. Let q = {qi{x, y), q2{x, y)) he 
a glohally hounded C°''^(C^^;) vector field {with 6 > 0) and let A{x,y) = {Aij{x,y))i<ij<2 

he a symmetric (^^'"^(C^ /? «) rnatrix field satisfying 

Assume that (f)^{x,y) and (f)'^{x,y) are two hounded uniformly continuous functions 
defined in C^j^i of class C'^'^{C'^pi) (for some fi> 0). Furthermore, we assume that 

L(j)' +g{x,y,(f)') > m Cj^^, 
L<i? + g{x,y,(f?) < zn 
(p^{x,y) <4>'^{x,y) on dC^^pp 

and that 

limsup - </)^(x,y)] < 0, (4.13) 

(x, y) G dist ((x, y)] J ^ +oo 

where L is the elliptic operator defined hy 

Lcj) := Vx,y ■ {AVx,y(p) + q{x, y) ■ Vx,y<P- 



If (f)"^ > I — p in C'^ p I, then 
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Remark 4.1 Note here that 0^, 0^, g, A and g are not assumed to be L— periodic with 
respect to x. 

Proof. Since the functions (f)^ and 0^ are globally bounded, one can then find e > large 
enough such that (p^ — e < (f)"^ in g ,. Let us set 



inf 



[e>0, <p'-e<<p' inCj^,} >0. 



By continuity, we then get (p^ — s* < (jP' in Thus, to complete the proof of Lemma l4?n 

it suffices to prove that 5* = 0. 

Assume e* > 0. Then, there exist a sequence {e^jneN converging to e*, with < e„ < 
e* for all n, and a sequence of points y„) G ^ such that 

- £„ > for all neN. 

Because of f l4.13p and since e* > 0, the sequence {dist 9C^^ j^^j^ is bounded. 

Furthermore, the facts that (j)^ < 0^ on dC^ i and (p^, 0^ are uniformly continuous yield 
that 

R := liminf dist y^); 9C+o > 0. 

For each n G N, let (x^, y^^) be a point on dC^ ^ ^ such that 

dist y„); = |«, - (x„, . 

Up to extraction of some subsequence, we can then conclude that there exists {x, y) G 
with \ (x,y) \ = R such that 

Wn^ y'n) - (a^n, 2/n) , y) aS 71 +00. 

Call -Br := {(x, y) G M^, < R}. It follows from the definition of R that for any 

point (x, G Br and for any n G N large enough, we have (x, y) + ?/.„) G C'^^p^i- 
For each (x, G -B_r, call 

0n(2;> y) = <P^{.x + x„, ?/ + and 0^(x, y) = 0^(x + x„, y + 

for n large enough. 

From the regularity assumptions on 0^ and 0^ and up to extraction of some subse- 
quence, the functions 0^ converge in CI^^^Br) to two functions 0^ which can be extended by 
continuity to BBr and are of class C^'^ {^r) 5 i = 1,2. Similarly, since q and A are glob- 
ally C°''^(C^^ (for some 6 > 0), we can assume that the fields g„(x, y) = q{x + Xn,y + yn) 
and An{x,y) = A{x + Xn,y + yn) converge as n — )■ -|-oo in Br to two fields goo and A^o 
which are of class C^'^(^Br^. The matrix A^o satisfies the same ellipticity condition as A 
which is given in fl4.12p . 

For each (x, y) G Br, the functions 0^, i = 1,2, satisfy 

L„ (pl - Ln (pl > -g{x + Xn,y + ?/„, (pl,{.x, y)) + g{x + Xn,y + yn, 0^(x, y)) 
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for n large enough, where 



Since 0^ > 1 — p in C^^^ and g{x,y,u) is non- increasing with respect to u in the set 

Ca,l^,i [1 - P7+00), we get 

L„ 0^ - L„ 02 > _ g(^^ + Xn,y + Vn, 0^(X, ?/)) 

+ 5((a; + x„, y + 0^(a;, + £*). 



From the assumptions of Lemma 14. ![ we can also assume, up to extraction of some 
subsequence, that the functions 

Rnix, y) := -g{x + x„, y + ?/„, (f)\{x, y)) + g{x + Xn,y + |/n, (l)l{x, y) + e*) 

converge to a function Roo{x,y) locally uniformly in Br. Since 

\Rn{x,y)\ < \ \g\\Lip\(j)l{x,y) - e* ~ (f)l{x,y)\ 

for all n G N, we get \Roo{x,y)\ < \\g\\Lip\4>lo{x,y) — e* — 0^(x,y)|. In other words, there 
exists a globally bounded function B{x,y) defined in Bji such that 

Rooix, y) = B{x, y) [(l)]^{x, y) - e* - 0^(x, y)] for all (x, y) G Br. 

By passing to the limit as n — > +00 in fl4.14p . it follows that 

Loo4>lo - ^oo0L > B{x, y){(f)lo -e* - 0^) in Br, 

where Loo0 := V^,^ ■ {A^\/x,y(f>) + Qoo ■ ^x,y4>- Let 

z{x, y) = (j)l^-e* - 4>l^ in Br. 

We then get 

L^z - B{x, y)z > in Br, (4.15) 
Noticing that G dC^j^ i, that 0^ < 0^ over dC'^^p that 0^ and 0^ are uniformly 

continuous in C^^;, and that — {xn,yn) — ^ (x,y), we have 

0L(x,y)<0L(x,y). (4.16) 

On the other hand, for each (x, y) G -B/?, 0^(x, y) — e* < 0^(x, y) for n large enough, and 
0^(0, 0) — > 0^(0, 0). Passing to the limit as n — )■ +00 and over OBr, then by continuity, 
we get 

y) - < 4>lo{x. y) in 

and 

0L(o,o)-£* = 0L(o,o). 
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Consequently, the function z = z{x,y) is a nonpositive continuous function in Bji, satis- 
fying f l4.15p in Br and such that z{0, 0) = 0. Then, the strong maximum principle yields 
that z = in Br with e* > 0. Namely, - e* = (j)l^{x,y) for all {x,y) e Br. We 

get a contradiction with fl4.16p by choosing (x, y) = (x, y) (g OBr). □ 

The following lemma is devoted to proving the positivity of the infimum of a conical 
front solving fll.4tll.5p over any set having the form of an "upper cone" . This lemma will 
be also used in the proof of Theorem 11.21 

Lemma 4.2 For any fixed a and /3 in (0,7r), let {c,(j)) be a solution of f i.^)- fli.5|) . Then, 

V/eM, inf 0(x,?/)>O. (4.17) 

Proof. Since the function is nonnegative in M^, then inf > 0. In order to prove 04.170 . 
we assume to the contrary that inf (j){x, y) = for some fixed /q G M. Thus, there 

exists a sequence {{xn, yn)}neN in such that (j){xn, Vn) — ?■ as — )• +oo. On the other 

hand, the limiting condition lim inf (f){x, y) = 1 yields that there exists M G M such 

that 

V(x, y) G 0(x,|/)>^. (4.18) 

We recall that dist {{xn,yn)'i dC^ is the Euclidean distance from (x„,?/„) G to the 
boundary dC^ Having f l4.18p and the fact that (j){xn,yn) — as n — j- +oo, we know 
that the sequence {dist((x„, ?/„); 9C^^ ;^)}„,gN should be bounded and consequently, 

3 (x, y) G such that {x + Xn,y + yn) e C^^p^M (4-19) 

for all n G N. Now, we define 0„(x, y) := 0(x + Xn, y + y-n) for all (x, y) G and n G N. 
From (11. 4p . the function </>„ is a classical solution of the following equation 



^x,y<Pn + (g(x + Xn) - c)9y0„ + /(0„,) = in 



d2 



for all G N. 

The function g is a globally bounded C°'''(M) function which is L— periodic. As a 
consequence, we can assume that the sequence of functions qn{x) := q{x + Xn) converges 
uniformly in M, as n — +00, to the function goo '■= + ^^oo) for some x^o G M. The 
regularity of the function yields that the sequence {0„}„eN is bounded in C^^\^^). Thus, 
up to extraction of some subsequence, 0^ — 0oo in Cf^^i^) as n — > +00, where 0oo is a 
nonnegative (0 < 0„ < 1 for all n G N) classical solution of the equation 



A^,j^0oo + {q{x + Xoo) - C) 9y0oo + /(0oo) = 1 



m 



d2 



Moreover, 0oo(O,O) = lim 0(x„,?/„) = 0. 
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Since / > in [0, 1], we then have 

^x,y4>oo + {q{x + Xoc) - c) dy(j)oo < in M^, 
< 0OO < 1 in M^, 
0oc(O,O) = 0. 

The strong maximum principle imphes that </)oo = in M^. However, we can conclude 
from Km and fITO]) that 

3 

Vn G N, (t){x + Xn,y + Vn) > 

Passing to the limit as n — j- +00, one gets (pooi^.,]]) > 3/4, which is a contradiction with 
= in M^. Therefore, our assumption that inf (j){x,y) = is false and that 

completes the proof of Lemma 14.21 □ 

Now, we are in the position to give the proof of the main result in this section. 

Proof of Theorem II. 2i In this proof, we call 

Vr e M, y) := y + r) for all {x, y) E M^. 

Assume that one has proved that 0^ > in for all r > 0. Since the coefficients q and / are 
independent of y, then for any h > 0, the nonnegative function z{x, y) := (f)^{x, y) — (j){x, y) 
is a classical solution (due to fll.4p ) of the following linear elliptic equation 

^x,yZ + {q{x) — c)dyZ + y)z = in M^, 

for some globally bounded function h = b{x,y). It follows from the strong maximum 
principle that the function z is either identically 0, or positive everywhere in M^. Due 
to the conical limiting conditions fll.Sp satisfied by the function 0, we can conclude that 
the function z can not be identically 0. In fact, if 2; = 0, then + h) = (f){x,y) for 

all (x, y) G with h > 0. This yields that is /i— periodic with respect to y, which is 
impossible from (11. 5p . Hence, the function z is positive everywhere in M^, and consequently, 
the function is increasing in y. 

By virtue of the above discussion, we only need to prove that 0'^ > for all r > 0. 
Prop osit ion 14 . 1 1 yields that there exists Iq eM such that dy(l){x, y) > for all (x, y) G ^ i^. 
On the other hand. Lemma [4.21 yields that inf (j){x,y) > 0. Since 

lim sup 0(x, y) = 0, 

there exists then B > such that —B < L and 



y{x,y) G Cob 5 Hx,y) < inf (j){x',y' 
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and consequently, we have 

Vr>0, V(x,y)GC-^__5, 0(x,y)<0(x,y + r). (4.20) 

The above inequahty is indeed satisfied in both cases y + t < Iq and y + t > Iq. The 
assumption that /'(I) < in fll.Sp and the continuity of /' over [0, 1] lead to the existence 
of < ?7 < 1 such that / is non-increasing in [1 — t],!]. Furthermore, even it means 
increasing B, one can assume, due to fll.SI) . that (j){x, > 1 — 77 for all (x, y) G ^ and 

< for all {x,y) G C~ a where 9 is choosen so that < < 1 — 77. We apply 
Lemma [4.11 to the functions := and 0^ := 0"^ with r > 2B, by taking p = r], A = I , 
g = f, q{x) = (0, q{x) — c) in M and I = —B, to obtain 

Vr > 2B, V(x, y) G CfJZ^ , 0(a;, y) < 0^(a;, y). 
Combining the above inequality with fl4.20p . we have 

Vr > 2B, \/ix,y) G M^ 0(x,|/) < 0^(x,i/). 
Let us now decrease r and set 

T* = inf |r > 0, 0(x, ?/) < 0(x, y + r') for all t' > t and for all (x, y) G } . 
First, we note that r* < 25, and by continuity, we have < 0"^* in M^. Call 

the slice located between the "lower cone" C~p_^ and the "upper cone" C'^^b- Then, for 
the value of sup (0(a;, y) — 0"^ (x, y)), the following two cases may occur. 

{x,y)(iS 

Case 1: suppose that 

sup_ (0(x, y) - 0^* (x, y)) < 0. 

{x,y)eS 

Since the function is (at least) uniformly continuous, there exists £ > such that < 
e < T* and the above inequality holds for all r G [r* — s^t*]. Then, for any r in the 
interval [r* — e, r*], due to fl4.20p and the definition of S*, we get that 

<P{x,y) < 0^(x,y) over C^^^ j^. 

Hence, < 0"^ over dC'^p^. On the other hand, since r > r* — £ > and (p > 1 — t] 

over C^^^, we have 0"^ > 1 — 77 over C^^^. Lemma ld| applied to and 0"^ in C^^^, 
yields that 

0(2;,?/) < 0^(a;,?/) for all (x,?/) G 

As a consequence, we obtain < 0"^ in M^, and that contradicts the minimality of r*. 
Therefore, case 1 is ruled out. 
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Case 2: suppose that 

sup_ y) - 0^* (x, y)) = 0. 

{x,y)&S 

Then, there exists a sequence of points {{xn, yn)}nm i^i S such that 

<f){xn, Vn) - 0^* {xn, y„) ^ as n +00. (4.21) 

For each n G N, call </)„(x, y) = 0(x + a;„, y + y„) and (x, y) = 0^* (x + x„, y + 
for all {x,y) G M^. From the regularity assumptions for (p and up to extraction of some 
subsequence, the functions 0„ and 0^* converge in Cf^^{M.'^) to two functions 0oo and 0^ 
in C^''^(M^). On the other hand, since q is globally C^'^ (M) and L— periodic, we can assume 
that the functions qn{x) = g(x + x„) converge locally in M to a globally C^'^ (M) function goo 
as n — !■ +00. 

For any (x, G M^, set z{x,y) = (t>oo{x,y) — 0^(x,?/). The function z is nonpositive 
because < 0"^* in M^. Moreover, by passing to the limit as n — > +oo in f l4.2ip . we obtain 
z{0, 0) = 0. Furthermore, since the function q does not depend on y, we know that the 
function z solves the following linear elliptic equation 

^x,yZ + {qoo{x) — c)dyZ + 6(x, y)z = in 

for some globally bounded function b{x,y) (since / is Lipschitz continuous). Then, the 
strong elliptic maximum principle implies that either 2; > in or z = everywhere 
in M^. In fact, the latter case is impossible because it contradicts with the conical conditions 
at infinity f ll.Sp : indeed, since (x„,?/.„) G 5* for all n G N, it follows from (11. 5p that 
lim 0°°(O,?/) = 1 and lim 0°°(O,?/) = 0, whence the function 0°° cannot be r*-periodic 

with respect to y, with r* > 0. Thus, we have z{x,y) > in M^. But, that contradicts 
with z{0, 0) = 0. So, case 2 is ruled out too. 

Finally, we have proved that r* = 0, which means that < 0"^ for all r > 0. Then, it 
follows from the discussion in the beginning of this proof that the function is increasing 
in y. Thus, the proof of Theorem 11.21 is complete. □ 



5 Proof of the asymptotic behaviors 

This section is devoted to the proof of Theorem 11.31 We begin first with Parts i) and iii) 
It follows from formula (II. 9p that for all7>0,m>0,p>0 and L > 



c*{p,m'^q,mf) 



'm 

c*{mp, m'^q, /) 



c*{p, qij) 



max 



max 



max 



^pA,mtqsina,mf ^ pB,m~i qsm fi^mf 

msin /3 



^ m sm a 

^mpA,m"i qs\na,f ^mpB ,mri qs\n P ,f 

y/m sin a ' ^/m sin /3 

^pA,qi^ sin olJ ^pB,qi^ sin 13, f 



sma 



sin (3 



(5.1) 
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We recall that the quantities appearing in the right-hand side of fl5.ll) are the parametric 
minimal speeds of propagation of some associated "left" and "right" reaction-advection- 
diffusion problems of the type fll.Sp . Since V ■ = V ■ Be = 0, with e = (0, 1), in M^, 
e ■ pAe = e ■ pBe = p and the function / satisfies the KPP condition (\1.3\i . it follows then 
from Theorems 4.1, 4.3 and 5.2 of El Smaily [S] that 



V7 G [0, 1/2], lim "^P^'-^J^^-^-^'f = lim -^p^'-^J^-^-^^J = 



>0+ \/m rrn.O+ \/m 

and 



^l^+^X^sina,/ = £m c;^^,^,;^^^^ = 2v/pf (0). 



Together with ([511]), we obtain the limits flTT^ . fOij) and ffTTTH]) . 

Let us now turn to the proof of Part ii) of Theorem 11.31 Remember first that 

C*{p,mq,f) _ ^^^ f C*j^,mq sin a J CpB.mg sin \ ^-^ 



m \ m sin a m sin (3 

for all m > 0, from Theorem 11.11 Let now g be the vector field defined by 

q{x,y) = (0,g(x)) for all {x,y) E M^. 

This field is (L, /)-periodic in for each / > 0, and it satisfies V ■ g = in M^. Therefore, 
it follows from Theorem 1.1 in [Tl] or Theorem 1.1 in [36] that, for each / > 0, 

r* 

pA,mqsma,f \ 
: ^ ■^pA,h 

msma m-i.+oo , . 

r* (5-3) 

pB, mq sin fi,f 

'■ o ^ ■^pB,h 

m Sm (j m^+co 

where, for any matrix M fulfilling (11. 7p and for any / > 0, the quantity Xm,i is defined by 



/ 

J(o. 



q 



Ami = max RmAw), RmAw) = 



' W 

(0,L)x{0,/) 



and 



Im,i = ^ w E iJ;o^(M^)\{0}, w is (L, /)-periodic, q ■ Vw = a.e. in 

Vw ■ MVw < /'(O) I 

J(0. 



(O,L)x(O,0 ^(O,L)x(O,0 

is a subset of the set of non-trivial (L, /)-periodic first integrals of q. Notice that the 
set Im.i contains the non-zero constants, and that the max in the definition of Xmi is 



24 



reached, see [TTl[3n]- It follows from f l5.3p that the quantities \pA,i and \pB,i do not depend 
on / > 0. Furthermore, since q{x,y) = (0,g(x)), there holds 

ApA,; > >^pA,o and \pB,i > \pB,o for all / > 0, (5.4) 
where, for any matrix M fulfilling (11. 7p . 

L 







Am,o = max , 

"'G^L(K)\{o},i-periodic / 2 

Mii||«>'|j2„ </'(0)||w||2„ / ^ 

Let us now check that the opposite inequalities \pA,i < Ap^_o and \pB,i < ^pB,o also hold. 
The proof uses elementary arguments, we just sketch it here for the sake of completeness. 
We do it for XpA,i, the proof being identical for XpB,i- Let {/n}nGN be the sequence of 
positive real numbers defined by /„ = 2~" for all n E N, and let {wnjnGN be a sequence of 
maximizers of the functionals RpA,in m ^pA,in, that is 

XpAM = rCpA,iA^n) = —p = —r l^-^J 
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(0,L)x(0,i„) >/{0,L)x{0,l) 

for all n G N. Without loss of generality, one can assume that ||wn||L2((o,L)x(o,i)) ~ -'- 
n G N. By definition, one has 



i(0,L)x(0,l) i(0,L)x(0,«„) 

< 2"f(0)/ wl = nO)[ wl = f'{0). 

J(0,L)x(0,«„) >/(0,L)x(0,l) 

By coercivity of the matrix A, the sequence {w„}„gN is then bounded in H^{{0, L) x (0, 1)). 
There exists then a function Woo G Hl^^iM"^), which is (L, l)-periodic, such that, up to 
extraction of a sequence, w„ — )■ Woo as n — > +00 in L^q^(M^) strongly and in Hl^^iM."^) 
weakly. Thus, 

p[ Vwoo-AVwoo<limmip[ Vw^ ■ AVw^ < /'(O) [ = /'(O). 

i(0,L)x(0,l) n.->+oo 7(o,L)x(0,l) V(0,L)x(0,l) 

It is then classical to see that Woo does not depend on y. Therefore, 

XpA,i„ — -> -^Tx ^ ApA,o 



n— ^+00 
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from f lS.Sp and the definition of XpA,o- Together with ( 15 ■4p and the fact that the quanti- 
ties XpA,i do not depend on /, one concludes that XpA,i = XpA,o for all / > 0. It follows then 
from firrnj) . and (ES]) that 



— > max [XpAfi, XpBfi) = max 

m m^+oo ^^fji (iR)\{o}, L-periodic 



This provides fll.lSp . 

Formula ffTTT^ . together with (OD, implies that ffTTB]) and ffTTTl) hold, as in [m ES] . 
The proof of Theorem 11.31 is thereby complete. □ 
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